In this work we report the results concerning calculations for quantum-mechanical rotational transitions in molecular hydrogen, H 2 , induced by an ultra-cold ground state anti-hydrogen atom H 1s . The calculations are accomplished using a non-reactive close-coupling quantum-mechanical approach. The H 2 molecule is treated as a rigid rotor. The total elastic scattering cross section σ el (ǫ) at energy ǫ, state-resolved rotational transition cross sections σ jj ′ (ǫ) between states j and j ′ and corresponding thermal rate coefficients k jj ′ (T ) are computed in the temperature range 0.004 K T 4 K. Satisfactory agreement with other calculations (variational) has been obtained for σ el (ǫ).
I. INTRODUCTION
Interaction and collisional properties between matter and antimatter is of fundamental importance in physics [1, 2] . The anti-hydrogen atom H, which is a bound state of an antiproton p − and a positron e + , is the simplest representative of an antimatter atom. This is a two-particle system, which, however, may possess very different interactional and dynamical properties compared to its matter counterpart the H atom [3, 4] .
By now much effort has been exerted in various experiments to build and store H at cold and ultra-cold temperatures [5, 6, 7, 8, 9] . New experiments are planned or in progress to test the fundamental laws and theories of physics involving antiparticles and antimatter in general [2] . For example, it follows from the CPT symmetry of quantum electrodynamics that a charged particle and its anti-particle counterpart should have equal and opposite charges and equal masses, lifetimes and gyromagnetic ratios. The CPT symmetry predicts that hydrogen
and anti-hydrogen atoms should have identical spectra. In this way experimentalists plan to test whether in fact H and H have such properties. Specifically, a starting point would be to compare the frequency of the 1s-2s two-photon transition in H and H. Also, one of the important practical applications of antihydrogen has been mentioned in [10] , where the authors considered controlled H propulsion for NASA's future plans in very deep space.
Researchers at CERN [1] and from other groups [8] are interested to trap and study H at low temperatures, e.g., T 1 K, when the H atom will be almost in its rest frame. The study of Lamb shift and response of antihydrogen to gravity at ultra-low energies should allow them to test more precisely the predictions of two fundamental theories of modern physics: quantum field theory and Einstein's general theory of relativity [11] .
It has been pointed out that the main cause of loss of H atoms confined in a magnetic gradient trap is due to H+H 2 and H+He collisions. Therefore, the H+H 2 scattering crosssections and corresponding rotational-vibrational thermal rate coefficients, in the case of H 2 , would be very helpful to gain a practical understanding of the slowing down and trapping of H. Hence the investigation of the possibility of cooling of H atoms by colliding them with colder H 2 is of significant practical interest [12] . (Similar collision between trapped fermionic atoms with cold bosonic atoms has been fundamental in cooling the fermionic atoms and thus leading them to quantum degeneracy [13] By now a series of theoretical works have been published, in which the properties of interaction between H and H, He, H 2 have been investigated [16, 17, 18, 19] . Some theoretical studies have been carried out for the H+H system at thermal energies using quantummechanical methods [20, 21, 22, 23, 24, 25] . Also, discussions on the importance and applications for this system, especially, in connection with Bose-Einstein condensation [26] , ultra-cold collisions [14, 21] , and its static and dynamic properties [27] , can be found in the literature.
In this work we present results for the collision of an ultra-cold H atom with H 2 , where H 2 is treated as a rigid rotor with a fixed distance between hydrogen atoms. The elastic, rotational state-resolved scattering cross sections for the H-H 2 scattering and their corresponding thermal rate coefficients are calculated using a non-reactive quantum-mechanical close-coupling approach. The potential interaction between H and the hydrogen atoms is taken from Ref. [16] .
In the next section we present the quantum-mechanical formalism used in this work. The results and discussion are presented in Sec. III. Conclusions are given in Sec. IV.
II. H-H 2 SCATTERING FORMULATION

A. Basic Equations
In this section we describe the close-coupling quantum-mechanical approach we used to calculate the cross sections and collision rates of a hydrogen molecule H 2 with an antihydrogen atom H. Atomic units (e = m e = = 1) are used in this section, where e and m e are charge and mass of an electron. Three-body Jacobi coordinates { r, R} for the H+H 2 (j) system used in this work are shown in Fig. 1 
where P R is the relative momentum between a and bc, M R is the reduced mass of the atommolecule (rigid rotor in this model) system a + bc: To solve Eq. (1), the following expansion is used [30] Ψ(r, R) = JM jL
where channel expansion functions are
here J = j + L is the total angular momentum of the system abc, and M is its projection onto the space fixed z axis, m 1 and m 2 are projections of j and L respectively, C 
To solve the coupled radial equations (4), we apply the hybrid modified log-derivative-Airy propagator in the general purpose scattering program MOLSCAT [31] . Additionally, we tested other propagator schemes included in MOLSCAT. Our calculations reveal that other propagators can also produce quite stable results.
The log-derivative matrix is propagated to large intermolecular distances R, since all experimentally observable quantum information about the collision is contained in the asymp- 
where
is the channel wave-number of channel α = (jL), E α is rotational channel energy and E is the total energy in the abc system. This method was used for each partial wave until a converged cross section was obtained. It was verified that the results have converged with respect to the number of partial waves as well as the matching radius, R max , for all channels included in our calculations.
Cross sections for rotational excitation and relaxation phenomena can be obtained directly from the S-matrix. In particular, the cross sections for excitation from j → j ′ summed over the final m ′ and averaged over the initial m are given by [30] 
The kinetic energy is ǫ = E − B e j(j + 1), where B e is the rotation constant of the rigid rotor bc, i.e. the hydrogen molecule.
The relationship between the rate coefficient k j→j ′ (T ) and the corresponding cross section σ j→j ′ (E kin ) can be obtained through the following weighted average [33] 
where ǫ = E − E j is pre-collisional translational energy at temperature T , k B is Boltzman constant, and ǫ s is the minimum value of the kinetic energy needed to make E j levels accessible.
B. H−H 2 Interaction Potential
In the following section, we will present our results for rotational quantum transitions in collision between H 2 and an anti-hydrogen atom H, that is
Here H 2 is treated as a vibrationally averaged rigid monomer rotor. The bond length was fixed at 1.449 a.u. or 0.7668Å. The rotation constant of the H 2 molecule has been taken as B e = 60.8cm −1 . The H 2 rigid rotor model has been already applied in different publications [30, 34, 35, 36, 37, 38, 39, 40] . For the considered range of kinetic energies the model can be quite justified in this special case when only pure rotational quantum transitions at low collisional energies are of interest as in H 2 (j)+H, and when the energy gap between rotational and vibrational energies is much larger than kinetic energy of collision. In such a model the quantum mechanical approach is rather simplified.
Next we consider an important physical parameter in atomic and molecular collisions, e. g., the PES between the atoms. There is no global potential energy surface available for the three-atom H-H 2 system. However in Ref. [16] , the author calculated the values of interaction energy between H and H, i. e., the H-H energy curve using the Rayleigh-Ritz variational method. Further, the microHartree accuracy of Born-Oppenheimer energies of the system has been achieved in that work.
To construct the H 2 -H interaction potential we take the H-H energy data from Ref. [16] and make a cubic spline interpolation through all 46 points taken from Table 1 of that paper.
These data have been tabulated from R min = 0.744 a.u. to R max = 20.0 a.u. inter-atomic distances. Because in the current work we use the rigid rotor model for H 2 , we do not need the interaction energy between hydrogen atoms in H 2 . The interaction potential between a hydrogen molecule and H is taken by sandwiching the two H-H potential energy curves:
where distances between atoms are written as follow (cf. Fig. 1 ):
The functions V k1 H−H (y) with k = 2(3) are represented as cubic spline interpolation func-tions for any value of y = x 21 or y = x 31 as follows:
where Table 1 of Ref. [16] .
The calculated PES is shown in Fig. 2 . It is clear that the potential has a singular value when the distance between H and H 2 is equal to zero. Additionally, the H-H 2 PES which we obtain from Eq. (9) is shown in Fig. 3 . Specifically, this potential was used in our calculations of H + H 2 collisions. Again, as seen in Fig. 2 
the potential energy curve between
H-H has a Coulomb type singularity at small distances. In our calculations we needed to make additional test runs to achieve convergence in our results. In the next section we will briefly demonstrate the numerical convergence of the results when calculating total elastic scattering cross sections. These results depend on various numerical and quantummechanical scattering parameters.
III. RESULT AND DISCUSSION
A. Convergence test
Numerous test calculations have been undertaken to insure the convergence of the results with respect to all parameters that enter in the propagation of the Schrödinger equation.
These include the atomic-molecular distance R, the total angular momentum J, the number of total rotational levels to be included in the close-coupling expansion and others, see Fig. 1 .
Particular attention has been given to the total number of numerical steps in the propagation over the distance R of the Schrödinger equation (4) . Specifically, the parameter R ranges from 0.75 a.u. to 20.0 a.u. We used up to 50000 propagation points. We also applied and tested different mathematical propagation schemes included in MOLSCAT.
The rotational energy levels of para-H 2 (j) and the corresponding angular momenta j are shown in Also, we found that, at lower energies, for the numerical solution of Eq. (4) a much larger number of propagation (integration) points are needed than at higher energies. Specifically, at higher energies we need 500 propagation points, but for lower energies 50,000 points are needed to achieve comparable precision. Convergence has been achieved for elastic scattering cross sections for various scattering parameters. Below in Table III we present these results.
Then we used this data in our calculation for rotational energy transfer, elastic scattering cross section and thermal rate coefficient. Table II Table II is MXSYM [31] . It reflects the number of terms in the potential expansion over angular functions [29, 30] . It is therefore evident that in this calculation we need to keep at least 24 terms in the expansion.
Now in
In Table III we also present results for total elastic scattering cross sections for few more selected energies. However in this table the convergence has been reached by increasing the total angular momentum J and by increasing the total number of the propagation steps in the propagation over the coordinate R of the Schödinger equation (4) . As expected, for lower energy collision we needed smaller values for the maximum J. For example, for collision energy E coll = 0.01 a.u. it is enough to have J = 0, however J = 10 should be taken for E coll = 100.0 a.u.
In regard to the total number of the propagation steps in the solution of Eq. (4) one can see, that we need to include many more propagation points for low energy calculations. Table III have been done with JMAX = 56 and MXSYM = 24.
All test calculations in
The obtained results concerning the numerical and scattering parameters have been used in our calculation for total elastic σ el (E) and rotational quantum state transfer σ j→j ′ (E) cross sections and corresponding thermal rate coefficients k j→j ′ (T ).
B. H + para-H 2 results
Now we present computational results for process (8) , namely, for elastic scattering (j = 0 → j ′ = 0) and for low quantum number rotational transition between levels with j = 0, 2 and 4: 2 → 0, 0 → 2, 4 → 0, and 4 → 2. From the results of Table III we see that to reach numerical convergence, for example, for the elastic scattering cross section, we need to include a large number of H 2 rotational levels, specifically up to 60.
The results for the elastic scattering cross sections σ el (ǫ) for H + H 2 → H 2 + H are shown in Fig. 4 together with the corresponding results of variational calculations of Gregory and
Armour [14] . It can be seen, that basically the two sets of cross sections are close to each other, although in our calculation we use larger number of collision energy points, specifically up to 200. In our calculation a shape resonance is found at energy ǫ ∼ 3.5 × 10
Hartree. As in Ref. [14] our σ el (ǫ) tends to reach a constant value at lower energies with
. This result allows us to calculate the H+H 2 scattering length, which is a = σ el /(4π) = 27.5 a 0 .
The Gregory-Armour scattering length [14] 
IV. SUMMARY
A quantum-mechanical study of the state-resolved rotational relaxation and excitation cross sections and thermal rate coefficients in ultra-cold collisions between hydrogen molecules H 2 and anti-hydrogen atoms H has been the subject of this work. A model PES for H 2 -H has been constructed by sandwiching two H-H interaction potentials for two different hydrogen atoms taken from Ref. [16] . This H-H interaction potential is shown in Fig. 2 .
The H 2 -H PES is presented in Fig. 3 . Calculation for total elastic scattering cross section and for low quantum rotational transition states have been performed. We considered only the following quantum transitions: 2→0, 0→2, 4→2, and 4→0.
A test of the numerical convergence was undertaken. These results are presented in Tables   II and III . Our results reveal that it is necessary to set the rotational angular momentum j max in the H 2 molecule to a relatively large number, i.e. in the expansion (2) we needed to include up to 60 terms. The calculation was performed using the MOLSCAT program [31] . Different propagation schemes included in the MOLSCAT program have been used and tested. Additionally, the MXSYM potential parameter in that program also needed to have a relatively large value to obtain good convergence as can be seen from Table II. The numerical convergence has also been tested over the total number of the propagation steps over coordinate R in the solution of the Schrödinger equation (4) . We have found, that at low energies we need a much larger number of integration points than at higher energies, cf. Table III. Our results for the H 2 (j)+H total elastic scattering cross section are in reasonable agreement with the corresponding results from Gregory and Armour [14] . The authors of this paper used a different PES, which is still unpublished, and applied a quantummechanical variational approach. Unfortunately, the rotational transitions in the H 2 (j)+H collisions have not been calculated in that work [14] . One of the interesting results of the present work is that the cross section of the rotational transitions from H 2 (j = 4 → j = 2)
at ultra-low energies are approximately 5-10 times larger than other transition state cross sections.
To the best of our knowledge we do not know of any other calculation of the rotational transitions in the H 2 (j)+H collision. These results can help to model energy transfer processes in the hydrogen-anti-hydrogen plasma, and perhaps to design new experiments in the field of the anti-hydrogen physics. Finally, we believe, that in the future work it should be useful to include vibrational degrees of freedom of the H 2 molecules, i.e. to carry out quantum-mechanical calculations for different rotational-vibrational relaxation processes: 
